Using the covariant phase space formalism, we compute the conserved charges for a solution, describing an accelerating and electrically charged Reissner-Nordstrom black hole. The metric is regular provided that the acceleration is driven by an external electric field, in spite of the usual string of the standard C-metric. The Smarr formula and the first law of black hole thermodynamics are fulfilled. The resulting mass has the same form of the Christodoulou-Ruffini mass formula. On the basis of these results, we can extrapolate the mass and thermodynamics of the rotating C-metric, which describes a Kerr-Newman-(A)dS black hole accelerated by a pulling string.
Introduction
The study of black hole thermodynamics has been a fruitful area of research since the pioneering discoveries of Bekenstein and Hawking [1] , [2] about the black hole temperature, entropy and radiation. It provided a first insight into the relation between gravity and quantum mechanics. More specifically, some geometric features of the event horizon, such as its area or surface gravity, turn out to be linked to the thermodynamic properties of the black hole, such as its entropy or temperature. Given that thermal quantities of a physical system are related to the statistical description of its microstates, when we consider black hole thermodynamics, we are addressing its underlying microscopic degrees of freedom possibly associated to some quantum features of gravity [3] . The thermodynamics of several kinds of black holes have been studied in the last decades in general relativity and other gravitational theories. But only recently some attempts in the study of thermodynamics of accelerating black holes have been made [4] - [6] . There are basically two reasons for this. First of all, the accelerating black holes are described by C-metrics [7] , [8] , which have an uncommon asymptotic behaviour: there is not a constant curvature background at infinity, and moreover, depending on the range of the parameters we are considering, an accelerating horizon may also occur to complicate the asymptotic structure. In particular, the unconventional falloff of the metric at large radial distances makes it difficult to identify the timelike Killing vector necessary to compute the conserved charge associated with the mass of the black hole. Since the mass value enters in the laws of black hole thermodynamics, it is fundamental to have some good criteria to select the normalisation of the above Killing vector. The second reason, which makes the study of the accelerating black hole thermodynamics unclear, is that these C-metrics present at least one non-removable conical singularity on the azimuthal axis of symmetry, both in the static and in the rotating case. It is not clear to the author if the first law of black hole thermodynamics still has to hold in case of singular black hole metrics 1 .
Therefore, in this paper we pursue a slightly different approach based on a variation, originally found by Ernst [11] , of the accelerating and magnetically charged black hole, which consists in embedding the accelerating Reissner-Nordstrom (RN) solution in an external magnetic field. On the other hand, the metric we will specifically study is immersed in an external electric field, which is responsible for the black hole acceleration instead of the usual singular cosmic string (or strut). The presence of the external electric or magnetic field makes it possible to remove all the conical singularities [11] . Thus the metric we will focus on in this paper is fully regular outside the event horizon. The choice of working with a regular solution is significant because it directly removes the second difficulty mentioned above, about the study of accelerating black hole thermodynamics. Moreover, the regularity of the solution is an essential ingredient in the covariant phase space methods [14] , [15] , [16] and [17] to compute the conserved charges. These techniques are particularly useful in the case of unconventional asymptotic behaviour because they allow one to compute conserved charges in a finite region surrounding the black hole, thus bypassing the criticalities placed at very large distances from the black hole. This approach already turned out to be successful in the study of similar spacetimes with non trivial asymptotic behaviour, as shown in [19] . It has been confirmed, in the extremal case, with different methods, as the near horizon analysis [20] . We would also like to extend these results for accelerating black holes; this will be done in Section 3, while in Section 2 we introduce the accelerating black hole immersed in an external electric field background, a sort of dual of the Melvin magnetic universe. Unfortunately, in the presence of the cosmological constant, the solution generating methods to build the electromagnetic background surrounding the black hole is not available; thus we cannot remove the conical singularity from the accelerating solution in this way. In that case the metric remains irregular, so we cannot proceed with the covariant phase space formalism to compute conserved charges. At most, extrapolating the results of Section 3, we can present, in Appendix A, some proposal to generalise the mass and the thermodynamics of the rotating C-metric in the presence of the cosmological constant.
2 Accelerating charged black hole in an external electric field
The equations of motion for Einstein-Maxwell theory, governed by the action
2)
We consider the following solution for these equations:
4)
where
The electromagnetic gauge potential A µ is related to the electromagnetic field strength tensor, as usual, by
The solution (2.4)-(2.8) have axial symmetry, therefore both the metric g µν and the gauge electromagnetic potential A µ depend explicitly on the (r, x) coordinates only. The physical parameters involved in the solution are A, E, m and q, respectively related to the acceleration, the intensity of the external electric field, the mass and the intrinsic electric monopole charge of the black hole. We will consider, without loss of generality the positive A branch, the A < 0 branch is specular (and it is equivalent to inverting the range of the polar angle). The interpretation of the parameter A as the acceleration can be inferred by studying the weak field limit of the above metric, i.e. when m << A [8] - [9] . The radial coordinate r is, of course, positive and x ∈ [−1, 1] since it corresponds to the polar angle (of spherical coordinates) through the relation x = cos θ. These kinds of solutions were firstly generated by Ernst in [11] by applying a Harrison transformation to the charged C-metric. We recall that C-metrics describe a pair of casually disconnected black holes which accelerate away from each other along opposite directions under the action of forces due to the presence of cosmic strings or struts represented by conical singularities. When the nodal singularity is a deficit angle, the δ-like associated contribution to the energy momentum tensor is interpreted as a pulling string, while the excess angle is interpreted as a pushing strut, for a recent review about C-metrics see [8] , [7] . Ernst has found out that it is possible to remove the conical singularity from the charged and accelerating black hole, described by the C-metric, because the Harrison transformation introduces a background external magnetic field 2 . Therefore there is no need for a cosmic string or strut that provides the acceleration to the black hole. In the Ernst solution the acceleration is furnished by the interaction between the monopole charge of the black hole and the external electromagnetic field. In order to remove the conical singularity, the external and intrinsic electromagnetic field of the solution have to be of the same kind. Otherwise the extra conical singularity brought in by the Lorentz-like interaction between the intrinsic black hole charge and the electromagnetic background is not sufficient to compensate the C-metric axial deficit (or excess) angle, as shown in [12] . For this reason, originally, a magnetically charged accelerating RN black hole was considered in an external magnetic field. In the case considered by Ernst, for small values of the acceleration, the metric approaches the Melvin magnetic universe [13] .
On the other hand, in this paper we prefer to consider the electromagnetic dual 3 of the original Ernst solution because its electromagnetic potential A µ is better behaved on the axial axes. In fact the dual Ernst solution (2.4)-(2.8) has no problems related to Dirac strings due to the presence of the intrinsic magnetic monopole. Of course, the dual Ernst solution asymptotically approaches the Melvin magnetic universe dual, which is a cylindrical-symmetric electric geon, with intensity proportional to the electric field parameter E. Note that, since the presence of the external electromagnetic field, codified by the function Λ(r, x) in the Ernst metric (and its dual) is factorized out from the (t, r, x) part of the metric, its Penrose diagram and its conformal structure remain the same as the standard charged C-metric. The good behaviour of the dual Ernst metric makes it suitable for analysing its conserved charges with the covariant phase space methods [14] - [16] , which have recently been revealed to be quite convenient in the case of non-constant curvature asymptotics [18] , [19] . That solution have been useful, for instance in [21] - [22] , to clarify some issues related to the electric-magnetic duality at the (semi-classical) quantum level. The constant ∆ ϕ can be set to ensure the absence of a conical singularity at one of the two poles. A fourdimensional spacetime contains conical (or nodal) singularities if the two-dimensional base manifold metric dŝ 2 , obtained from the full metric fixing t and r to some constant, cannot be cast, around the poles, in the form dŝ 2 = dθ 2 + sin 2 θdϕ 2 , when using spherical coordinates. While in (x = cos θ, r) coordinates this means that the two-dimensional surface metric cannot be cast in the form
with ∆ ϕ = 1. Thus the surface has a conical singularity at the poles, with a deficit (or excess) in the azimuthal angle given by 2πδ, where δ = 1 − ∆ ϕ . Hence for ∆ ϕ = 1 there are no nodal singularities. In practice considering a small circle around the x = ±1 axis we can require regularity with the following 2 The Harrison transformation is a one-parameter element of the symmetry group of the solution space of axisymmetric and stationary spacetimes in Einsten General Relativity (without cosmological constant) coupled with Maxwell electromagnetism, SU (2, 1). The parameter, the Harrison transformation is introducing, is reprented by E and it is directly related to the intensity of the external electromagnetic field. Hence, when E = 0 the Harrison transformation reduces to the identity element and the seed solution remains unchanged, no additional external electromagnetic field is added. 3 In 4D the electromagnetic duality allows one to interchange the role of the electric and magnetic fields. In particular a
given solution of the Einstein-Maxwell equations 2.2-2.3 (gµν , Fµν ) can be mapped in another solution (gµν , * Fµν ) of the same equations of motion, where the Hodge dual of the electromagnetic field Fµν is given by * Fµν = 1 2 µνσρF σρ constraint:
Because of the asymmetry of the deficits (or excesses, depending on the values of the parameters) angle at the poles of the two hemispheres, just one of the two nodal singularities can be simultaneously removed by fixing ∆ ϕ . We choose, without loss of generality, to regularise the north pole one (x = +1) by setting ∆ ϕ as follows:
Note that, as there is no dependence on the radial coordinate, eq. (2.10) removes the conical singularity from the whole semi-axis defined by x = 1. The second nodal singularity, located on the southern semi-axis identified by x = −1, can be removed thanks to the presence of the external electric field, imposing
Therefore the acceleration parameter A is constrained in terms of the other parameters of the metric m, q, Ē
to ensure full regularity of the solution outside the event horizon 4 . Hence, from a physical point of view, the acceleration is furnished by the interaction between the electric charge of the black hole and the external electric field, making the singular cosmic string unnecessary. From eqs. (2.11) and (2.10), in the weak field limit (for small values of the acceleration parameter A and electric field parameter E) the classical Newtonian force of a charged particle in a uniform electric field can be recovered mA = qE . (2.13)
The constant A t0 is arbitrary, so it can be set such that the gauge potential has a well-defined vanishing acceleration limit. It can be done by an ad-hoc prescription that cancels the divergent term for A → 0, i.e. requiring that the lowest order of the Laurent series in the A parameter is − E 2A , but of course in this way A t0 is not uniquely fixed. Indeed all the positive A-powers in the series expansion remain basically unconstrained. Otherwise A t0 can be uniquely fixed by the integrability condition of the mass, selecting the canonical frame, where the Coulomb electro-chemical potentials Φ int is null 5 on the surface of integration. Remarkably, in that case, the term that avoids divergences naturally appears. More details are elucidate in the next section. However in both cases we smoothly recover or the Reissner-Nordstrom black hole embedded in an external electric field for A → 0 or the standard charged C-metric for B → 0. The black hole described by the metric (2.4) has the same conformal structure of the accelerating ReissnerNordstrom black hole, because the contribution of the external electric field to the conformal factor in front of the (t, r) part of the metric is not singular, within the accelerating horizon. In fact the black hole has an inner and an outer horizon r ± , which coincide with the RN ones, and an accelerating horizon r A respectively located where G(r) = 0 :
4 No scalar invariants are divergent nor are conical singularities present outside the event horizon. 5 Although it is sufficient to require a less restrictive property, such that the electric potential is not singular.
The regularity constraint (2.12) can take two values, then the accelerating horizon can be located, as shown in Figure 1 , with respect to the inner and outer horizons as follows r A+ < r − < r + < r A− . horizon remains inside the inner horizon of the black hole. On the other hand, consideringĀ − as regularity constraint, the accelerating horizon is located, more conventionally, outside the black hole event horizon. It can be shown that for A =Ā − some quantities, such as the electric charge, have better defined limits in the case of a vanishing external magnetic field. This case can also be considered the standard branch because in the vanishing electric field limit, E → 0, the value of the constrained accelerationĀ − goes to zero, thus the regular RN black hole is retrieved. Instead, the acceleration regularity constraint (2.10) is divergent for A + , in the null electric field limit. Henceforward, for these reasons, we will consider the valueĀ − as the constrained acceleration and we will omit, for ease of notation, the − sign. The external electric field strongly modifies the geometry of the event horizon, which is stretched or squashed in the axial direction, depending on the values of the free physical parameters m, q, E. This can be inferred by inspecting the equatorial circumference of the event horizon embedded in the external electric field
In fact, comparing C e with the standard RN equatorial circumference 2πr + , we can appreciate, in Figure  2 , how the variation of the parameters p and E (while m is considered fixed in the plot) affects the size of the equatorial circumference. Thus, in the presence of acceleration, the deformation of the black hole event horizon is not just axially stretched, as it occurs in the pure Melvin background [23] . 
Mass, Electric Charge and Thermodynamics
The area of the event horizon is modified, with respect to the accelerating RN black hole, by the external magnetic field only through the factor ∆ ϕ
The intrinsic electric and magnetic monopole charges can be computed, for the regularised black hole. They are respectively
√ g S dϕdx and √ g Σ = √ g xx gφ ϕ defines the two-dimensional volume element of the surface Σ which surrounds the horizon for fixed time and radial distance. n µ and σ ν identify two mutual orthonormal vectors, respectively time-like and space-like, which are normal also to the integrating surface Σ. The Hawking temperature, in the units we are considering where c = = k B , is defined as usual in terms of the surface gravity
Considering 6 χ = ∂ t as the Killing vector generating event horizon, the surface gravity on that Killing horizon is given by
The Coulomb electric potential on the event horizon is
Note that, also for this quantity, the well behaviour of the vanishing accelerating limit requires that the lowest order term in the Laurent expansion of A t0 coincides with − E 2A . The calculation of the mass is not that direct, basically because it is not clear which is the normalisation of the canonical generator associated with the conserved energy. In fact the involved asymptotic structure of the solution makes it hard to identify a global timelike Killing vector at infinity. We will proceed in an operational way, based on the covariant phase space methods and integrability [14] - [17] , which was successfully pointed out in [19] , for non accelerating black holes. We will compute the infinitesimal energy change due to the variation of the independent solution parameters (δm, δq, δE) 7 .
Generically the infinitesimal conserved surface charge associated with the the Killing symmetry (ξ, λ) is given by
The conserved super-potential associated with the generic symmetry parameter (ξ, λ) is given, for EinsteinMaxwell theory, by
and dx
Here ι ξ := ξ µ ∂ ∂dx µ defines the interior product between differential forms. In this formalism the electric charge (3.2) associated to the symmetry (ξ = 0, λ = −1) can be written as
The integration is intended between the background fields (which is Minkowski spacetime in this case, where the physical parameters m, q, E are null) and the metric and gauge potential of the solution (2.4)-(2.8). The integrability property of the electric charge (3.12) ensures that it is well defined, i.e. the result is independent on the parametric path followed for the integration.
But, when dealing with the conserved energy, since we have no good criteria to define a canonical generator associated with the mass, the integrability of the charge can not be taken for granted. Therefore it would be more appropriate in (3.7), as done by some authors in the literature, to use of a notation that emphasises this aspect, such as / δQ (∂t,0) . The difficulties in defining a canonical generator for the mass stem from the non-trivial asymtotic behaviour of the metric. In particular, in this static case, the main problem is the normalization of the Killing vector ∂ t . As found in [19] , the act of imposing the integrability property on the mass charge M(m, q, E) uniquely selects its canonical generator. In the case under consideration this means that we can set the normalization of ∂ t by an integrating factor α(m, q, E) such that
The closeness of the one-form δM implies three partial differential equations in (m, q, E). It is a non trivial fact that these three equations are fulfilled by just two function, the normalizing factor α(m, q, E) and the boundary electric chemical potential Φ int (m, q, E), which remained undetermined. Here α(m, q, E) and Φ int (m, q, E), which satisfy (3.14) are
14)
Hence the integrability property is able to completely determine the canonical frame, setting a canonical time coordinate t can and furthermore setting the value of the electric chemical potential Φ int . Of course we can make use of the gauge freedom to select a frame where Φ int = 0, by just choosing
In this way A t0 is uniquely fixed and, at the same time, this gauge choice makes the limit to the (nonaccelerating) Reissner-Nordstrom solution well defined. It can be verified that the surface where Φ int = 0 lays inside the acceleration horizon, at least for a large range of the parameters (m, q, E).
Having fixed the canonical frame through (3.14) -(3.16), we can integrate the equation (3.13) to get the integrable mass for the accelerating black hole under consideration
We find remarkable that this expression for the mass can be cast in form of the Christodoulou-Ruffini mass formula [24] . In fact the mass (3.17) can be expressed in terms of the event horizon area A (3.1) and the intrinsic black hole electric charge Q (3.2) as follows:
Therefore the validity of the Christodoulou-Ruffini mass formula, even in the case where the black hole is drastically deformed by both the presence of acceleration and an external electromagnetic background, goes beyond its original derivation, for the asymptotically flat Kerr-Newman black hole. It suggests, also in view of the result of [19] , that this quantity encloses some fundamental properties of more general black holes.
Actually in [25] this feature was intuited for axisymmetric extremal black holes, even when distorted by the presence of surrounding matter in Einstein-Maxwell theory.
Considering that the entropy is a quarter of the area S := A/4, and rescaling the Killing generator of the black hole horizon χ →χ = αχ, we can check that the first law of black hole thermodynamics is fulfilled,
Note that the rescaling of χ induces a dilatation of the Hawking temperature T and the Coulomb potential at the event horizon, according to the definitions (3.4)-(3.5) and (3.6) respectively
Of course this rescaling naturally selects a canonical time, defined as t can = t/α. With this coordinate transformation the α−factor normalisation of the canonical Killing vector, which defines the event horizon, can be reabsorbed to readχ = ∂ tcan . Moreover it can be straightforwardly checked that the canonical intensive quantities (constant everywhere on the event horizon)T andΦ are coherent with the usual thermodynamic definitions
A further check of the relation between the mass M = M(Q, S), the extensive (Q, S) and the intensive (T ,Φ) thermodynamic quantities computed above, is easily given by verifying the Smarr formula
Note that the mass (3.17) or (3.24) is meaningful provided there is regularity of the spacetime, therefore the limit for null electric field E have to be taken carefully. The acceleration constraint in the E → 0 limit reduces toĀ − = 0, in fact from a physical point of view, when there is no electric field the only possibility to have a regular spacetime is given by imposing null acceleration too. Hence taking the limit in the mass formula (3.17) for vanishing acceleration and electric field (or, equivalently, commuting the limit order) we get the expected mass value M = m, which coherently corresponds to the mass of the limiting spacetime, the Reissner-Nordstrom black hole. In case one is interested in the mass and thermodynamics of accelerating black holes, without the presence of a regularising electric or magnetic field background, the phase space method is not applicable anymore, precisely because of the conical singularity. However one might extrapolate the results we have found, for the regular case, in this section and in [19] , [26] . In fact, assuming that, also in the non regular case, the mass fits into the Christodoulou-Ruffini formula, it is possible to fulfill the first law of black hole thermodynamics. Although with a different approach, the mass and thermodynamics for the accelerating Kerr-Newman black hole were presented in [26] . It is also possible to generalise these results in the presence of the cosmological constant. Of course the validity of the first law for irregular spacetimes should not to be taken for granted, therefore we will discuss this mass proposal in the Appendix A.
Comments and Conclusions
In this paper we have analysed the conserved charges and the thermodynamics of an accelerating ReissnerNordstrom black hole, embedded in an external electric field background to ensure the regularity of the solution (outside the horizon). While the electric charge is not problematic, to compute the mass we make use of the phase space technique which has the peculiarity to select a canonical time coordinate, and thus a canonical timelike Killing vector associated with energy by requiring the integrability of the conserved charge. The resulting mass satisfies both the standard first law of thermodynamics and the Smarr formula. Moreover this mass fulfils the Christodoulou-Ruffini mass formula, originally derived for the Kerr-Newman black hole.
Relying on this outcome we propose an analogous behaviour the in presence of the cosmological constant. In this case the solution presents irremovable conical singularities because it is not known how to embed these asymptotically (A)dS spacetimes in an external electromagnetic background, which is able to regularise the metric. Nevertheless, taking advantage of the Christodoulou-Ruffini formula for the Kerr-Newman-AdS black hole, it is possible to find a well-defined mass charge which fulfils the standard first law of thermodynamics, without the need for extra ad-hoc constraints on the physical parameters, as it was proposed in previous literature. More generically would be interesting to further investigate on the effectiveness of the Christodoulou-Ruffini mass formula, because it has also been shown to work well in the case of drastic deformation of the KerrNewman black hole. Perhaps it encloses some significant information about black holes, which remains undisclosed at the moment. Finally it would be worth exploring its range of applicability, also outside the realm of general relativity.
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A Mass of the accelerating Kerr-Newman-AdS black hole
Accelerating (and rotating) black holes can be generalised in the presence of the cosmological constant 9 (Λ).
But, unfortunately, the Harrison transformation needed to embed these solutions in an external magnetic field does not work in this case, because some symmetries of the Einstein-Maxwell action are broken when Λ is not null [27] . Therefore it is not possible to simultaneously eliminate both conical singularities from the rotating C-metric. This means that, physically, we still remain with at least one cosmological string (or strut). Anyway, thanks to a negative cosmological constant, it is possible to select a parametric range where the inconvenient accelerating horizon [28] is absent, obtaining the so-called "slowly accelerating" black holes.
The rotating and accelerating C-metric that we consider, in spherical coordinates (x := cos θ), is
Its associated electromagnetic field is the same as the Kerr-Newman solution
In fact the (A)dS-Kerr-Newman metric can be recovered in the vanishing accelerating limit 10 . Note that the in presence of the cosmological constant the positions of the inner (r i ) and event horizon (r h ) is no longer located at r − and r + ; rather they are more algebraically involved. They correspond to the real roots of the quartic equation f (r) = 0. In [29] the following parametrization it is proposed:
However, in order to fulfil the Einstein equation of motion, it is sufficient only a constraint on r − , as follows
To remove the conical singularity, as done in Section 2, from the north pole we have to set the constant ∆ ϕ to a specific value∆
Alternatively, it is possible to fix ∆ ϕ to remove the conical singularity from the south pole. Henceforward the magnetic charge p will be considered null to ensure regularity of the electromagnetic field on the axis of symmetry, i.e. to avoid Dirac strings. The event horizon area
is, as usual, related to the black hole entropy by
The electric charge and angular momentum are respectively given by
10 Just a little care in rescaling the time and radial coordinate is needed before taking the A → 0 limit.
where ξ µ (ϕ) represents the rotational Killing vector ∂ ϕ . In the chosen gauge (A.1) the Coulomb electric potential Φ e and the angular velocity at the horizon Ω h are
Defining the Killing generator of the horizon as χ = ∂ t + Ω h ∂ ϕ , we get the temperature of the black hole event horizon from the surface gravity κ s
In Section 2 and in [19] we have found that, also in the presence of atypical asymptotics such as the accelerating and the magnetised ones, when the black hole is regular, the mass obey to the ChristodoulouRuffini mass formula [24] . Assuming that this behaviour also holds in the presence of a conical singularity we can write a mass formula for the accelerating (A)dS-black hole, which obeys the standard first law of black hole thermodynamics
where, as done in [19] and coherently with Section 3,T ,Ω andΦ are defined as follows Instead of interpreting the mass, from a thermodynamic point of view, as the energy of the black hole, it can be interpreted as enthalpy [31] , [32] . In this case the cosmological constant is not considered fixed anymore, but it is allowed to fluctuate. From the cosmological constant it is possible to define a pressure term,
, which is treated as thermodynamic state variable, while the thermodynamic variable conjugated to P is given by the volume of the black hole
In this settings an extra term in the first law of black hole thermodynamics has to be included as follows:
δM =T δS + V δP +ΩδJ +ΦδQ . We stress that in this approach no ad-hoc assumptions, boundary conditions or constraints on the parametric space are needed to satisfy the first laws and the Smarr formula. Anyway it strongly relies on the assumption of the validity of the Christodoulou-Ruffini mass formula for the accelerating and singular C-metrics we are considering in this Appendix.
12
To give an example we will explicitly work out the non rotating case, i.e. a = 0 and J = 0. Thus we are considering an accelerating Reissner-Nordstrom-AdS black hole. These quantities exactly reduce to the ones found in [26] in the case of a null cosmological constant. Finally, the mass, using the parametrization (A.5) for r ± , reads This value for the mass is in coherence with the special case treated in [26] , and in the null accelerating limit it goes to m, the mass of the Reissner-Nordstrom-AdS black hole, as expected. However, the mass (A.27)
12 After the publication of this paper another approach to study black hole thermodynamics in presence of conical singularities is carried out in [10] . It is based on the modification of the structure of the first law due to the presence of the nodal singularities.
does not coincide with other values in the literature, as in [6] . Therefore the thermodynamic analysis is also different. The main difference lies in the normalisation of the timelike Killing vector, which we choose, according to our previous results based on the covariant phase space methods [19] and Section 3, in agreement with the Christodoulou-Ruffini mass formula. In our opinion this proposal seems more well grounded than the previous, because, without extra ad hoc assumptions on the black hole physical parameters, the first law of black hole thermodynamics both in the standard case, where the mass is considered as the internal energy of the thermodynamic system, and in the case where the mass is associated with the enthalpy are fulfilled.
Moreover it is coherent with the phase space techniques, when the cosmological constant vanishes.
